Abstract. The energy content of (exact) electromagnetic and gravitational plane waves is studied in terms of super-energy tensors (the Bel, Bel-Robinson and the -less familiar-Chevreton tensors) and natural observers. Starting from the case of single waves, the more interesting situation of colliding waves is then discussed, where the nonlinearities of the Einstein's theory play an important role. The causality properties of the super-momentum four vectors associated with each of these tensors are also investigated when passing from the single-wave regions to the interaction region.
Introduction
Electromagnetic and gravitational waves are the most important features associated with electromagnetic and gravitational phenomena.
While in a flat (special relativistic) spacetime context the energy content of an electromagnetic wave is well defined, in the curved (general relativistic) spacetime situation there exist different definitions bearing either a more physical meaning or a more direct geometrical one, and a debated question is on what should be preferred or discarded.
At the level of the full nonlinear theory, strong electromagnetic waves are exact solutions of the Einstein-Maxwell field equations obeying the standard symmetries of a classical electromagnetic wave in flat spacetime. Similarly, strong gravitational waves are exact solutions of the vacuum Einstein's equations sharing (only) the symmetries of the electromagnetic waves. Their collision in a curved spacetime represents a completely different situation with respect to the flat spacetime. In fact, in this case either the electromagnetic waves or the gravitational waves "gravitate" themselves, and the result of their mutual interaction is not a simple linear superposition of the associated fields, but rather a nonlinear superposition which may end with a focusing of the incoming waves, and the subsequent creation of a spacetime singularity (or sometimes with the creation of a Killing-Cauchy horizon). Working with exact solutions, simplifications arise when considering the case of plane electromagnetic and gravitational waves undergoing head-on collision. In this situation (to which we will limit our considerations) the spacetime representing a collision problem is actually a puzzle of matching pieces, namely a flat spacetime region (before the passage of the waves), two Petrov type N regions (the two incoming single waves, undergoing then a head-on collision) and a type I (or less general, e.g., type D) spacetime region corresponding to the interaction zone (see, e.g., Refs. [1, 2] for a detailed account).
The spacetime curvature associated with either electromagnetic or gravitational waves induces observable effects on the motion of test particles and photons. For example, one can study the scattering of massive and massless neutral scalar particles (in motion along geodesics) by plane gravitational waves (see Ref. [3] , where both the classical and quantum regimes of the scattering were considered). One can also consider the nongeodesic motion of massive particles interacting with an electromagnetic pulse and accelerated by the radiation field. In fact, during the scattering process the particle may absorb and re-emit radiation as a secondary effect, resulting in a force term acting on the particle itself [4] . This said, it is a matter of fact that test particles might interact very differently with either a gravitational wave or an electromagnetic wave background. The observables associated with the scattering process, like the cross section, will then contain a signature of the different nature of the host environment [5] . Similarly, the scattering of light by the radiation field given by either an exact gravitational plane wave or an exact electromagnetic wave or their collision will present specific and different features [6, 7] .
In this work we aim at characterizing single and colliding electromagnetic and gravitational plane wave spacetimes in terms of super-energy tensors with respect to natural observers and frames. The notion of a super-energy tensor was suggested long ago by Bel [8, 9, 10] and Robinson [11, 12] for general gravitational fields, in order to provide a definition of (local) energy density and energy flux in complete formal analogy with electromagnetism. The properties of the Bel and Bel-Robinson tensors have been extensively investigated over the years [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29] , so that they are now considered as a useful mathematical tool to describe the energy content of a given spacetime. In particular, using the canonical expressions of the Weyl tensor associated with different Petrov type spacetimes, Bel himself showed [10] that for Petrov types I and D, an observer always exists for which the spatial super-momentum density vanishes. In addition, this observer is peculiar enough because he aligns the electric and magnetic parts of the Weyl tensor in the sense that they are both diagonalized (and commuting). For black hole spacetimes, the Carter observer family plays exactly this role, but not much literature exists in spacetimes different from black holes [23] . Despite their local character, the Bel and Bel-Robinson tensors have also been used to investigate the global stability properties of Minkowski spacetime [30] .
A third super-energy tensor has received attention in the last years, the Chevreton tensor. It was introduced by Chevreton [31] for the Maxwell field in close analogy with the Bel-Robinson tensor, in the sense that it has been sought for depending on the second derivatives of the electromagnetic potential (first derivatives of the Faraday tensor), like the Bel-Robinson tensor which involves the Weyl (or Riemann) tensor, and hence the second derivatives of the metric (i.e., the gravitational potential). General properties of the Chevreton tensor and conservation laws have been studied only recently in Refs. [32, 33, 34, 35, 36, 37, 24] with some applications to explicit spacetime solutions.
We will investigate the energy content of some simple spacetimes associated with exact electromagnetic and gravitational plane waves and their collision in terms of the super-energy density and the super-Poynting vector built with the above superenergy tensors [38, 23] . We select natural observer-adapted frames to evaluate the corresponding super-momentum four vector, which carries the twofold information of the super-energy density and the linear super-momentum density. The latter is an observer-dependent quantity by definition, but has the advantage to summarize (and control during their evolution) both super-energy and super-momentum densities region-by-region. The paper is organized as follows. In Sec. 2 we will shortly revisit the main properties of the Bel and Bel-Robinson tensors, and those of the Chevreton tensor. We introduce then the metrics of a single electromagnetic and gravitational wave in Sec. 3 and compare among them for what concerns the energy (and momentum) content. Finally, in Sec. 4, we extend our considerations to the problem of collision, discussing then in Sec. 5 how the nonlinearities of the theory act on the energetics.
We will use geometrical units and conventionally assume that Greek indices run from 0 to 3, whereas Latin indices run from 1 to 3. The metric signature is chosen to be −+++. When necessary spacetime splitting techniques will be used to express tensors in the associated 1 + 3 form, following Refs. [39, 40] for notations and conventions.
Super-energy-momentum tensors
We recall below the definition of the Bel and Bel-Robinson tensors and of the Chevreton tensor. These tensors are referred to as super-energy tensors, since they share similar properties to the ordinary energy-momentum tensors, even if they do not have units of an energy per unit of spatial volume, but rather of an energy per unit surface. The Bel and Bel-Robinson tensors are built with the Riemann tensor and the Weyl tensor, respectively, and are both divergence-free in vacuum spacetimes, where they coincide. The Chevreton tensor is an electromagnetic counterpart of the Bel-Robinson tensor. It is quadratic in the covariant derivatives of the Faraday tensor, and is not divergence-free even in absence of electromagnetic sources. It is however divergence-free in flat spacetime [21] . These tensors all satisfy a positive-definite property, i.e., their full contraction with any four future-pointing vectors is always non-negative. This was known for the Bel-Robinson tensor, but only proved much later for the Bel, and the Chevreton tensors [21] .
Bel and Bel-Robinson tensors
The Bel and Bel-Robinson tensors [8, 9, 10, 11, 12] are defined as
in terms of the Riemann tensor R αβγδ , and 2) in terms of the Weyl tensor C αβγδ , respectively. Their mathematical properties with associated proofs are reviewed, e.g., in Refs. [15, 21] . They are a natural generalization ‡ of the electromagnetic energy-momentum tensor, which reads
Similarly, in direct analogy with the (observer-dependent) definition of electromagnetic energy density and Poynting vector with respect to a given observer u (with u · u = −1, u denoting the future-pointing unit tangent vector to his/her world lines and P (u) = g + u ⊗ u the projection map orthogonally to u), i.e., 4) so that the following four vector
can be naturally formed, the super-energy density and the super-momentum density (or super-Poynting, spatial) vector [8, 9, 10, 11] (see also Refs. [38, 23] ) are obtained from the Bel and Bel-Robinson tensors by
and
respectively. We denote by E(u), H(u) and F (u) the electric, magnetic and mixed parts of the Riemann tensor relative to the observer u [39]
and by E(u) and H(u) the electric and magnetic parts of the Weyl tensor
δγ defines a spatial cross product for two symmetric spatial tensor fields (A, B), with η(u) αβγ = u δ η δαβγ (η δαβγ = √ −gǫ δαβγ , ǫ 0123 = 1) the unit volume 3-form. The orthogonal splitting of the Bel and BelRobinson tensors is discussed in Appendix (see also Ref. [26] ).
The following four vector [21] 
can then be naturally formed using either the Bel or Bel-Robinson tensor, as in the electromagnetic case. When P (g) (u) is not a null vector, it can also be rewritten as
11) ‡ The prefactor k can have different values, according to different definitions associated or not with the number of contracted indices. We will assume k = 1/2 hereafter, following the original definition by Bel [8] .
whereP
(g) (u) is a unit spatial vector and the following unit timelike vector 12) aligned with the super-momentum four vector has been introduced. The quantity 13) denotes the relative velocity of U (g) with respect to u. When instead P (g) (u) is a null vector, then 14) and one has the representation
(2.15) Let us mention that the electromagnetic and gravitational four vectors P (em) (u) and P (g) (u) so defined are past directed, since the super-energy densities E (em) (u) and E (g) (u) are positive definite. Furthermore, they are observer-dependent quantities and transform consequently when passing from one observer to another with four velocities related by a boost, e.g.,
16) where γ(U, u) is the Lorentz factor and ν(U, u) is the relative velocity of U with respect to u, i.e., of the new observer with respect to the first one.
Chevreton tensor
The Chevreton tensor [31] is defined by
with
where we have used the notation
It has the algebraic symmetries
20) The last property holds in four dimensions only and in the absence of electromagnetic sources [32] .
One can define a super-energy density and a super-Poynting vector also in this case E (g)
21) leading to the Chevreton super-momentum four vector
These super-momentum four vectors, namely P (g) C (u) and P (g) (u) (in both cases of Bel and Bel-Robinson gravitational super-energy-momentum tensors) will be analyzed below, in a context of electromagnetic and gravitational wave propagation.
Single plane waves
The gravitational field associated with (exact) electromagnetic and gravitational plane waves with a single polarization state is described by the line element (see, e.g., Refs. [41, 42] )
written in coordinates x α = (u, v, x, y) adapted to the wave front. The null coordinates (u, v) can be related to standard Cartesian coordinates (t, z) by the transformation
Referred to the coordinates (t, x, y, z), Eq. (3.1) assumes a quasi-Cartesian form
so that the waves are traveling along the z-axis, while x and y are two spacelike coordinates on the wave front. A family of fiducial observers at rest with respect to the coordinates (x, y, z) is characterized by the 4-velocity vector
An orthonormal spatial triad adapted to the observers n ≡ e 0 is given by §
with dual frame n ♭ ≡ −ω 0 = −dt and ω 1 = dz, ω 2 = F dx and ω 3 = G dy. We find it convenient to introduce the notation e + = e 2 ⊗ e 2 + e 3 ⊗ e 3 , e × = e 2 ⊗ e 3 − e 3 ⊗ e 2 = e 2 ∧ e 3 .
(3.7)
The associated congruence of the observer world lines is geodesic and vorticity-free, but has a nonzero expansion. In the case of an electromagnetic wave the metric (3.1) depends on a single function (F = G), which will be denoted by H below.
Single electromagnetic plane waves
The metric (3.1) associated with an electromagnetic plane wave is an electrovacuum solution of the Einstein-Maxwell equations with electromagnetic potential A ♭ and Faraday tensor F ♭ = dA ♭ given by
[Here a prime denotes differentiation with respect to u.] The associated energymomentum tensor is that of a radiation field with flux factor Φ, 9) and the (nonvacuum) Einstein's field equations imply the (single) condition
for the two unknown functions H and h. In order to determine H and h uniquely, one has to impose an additional relation between them. For example, if H is assumed to be known (or, equivalently, if one fixes the background gravitational field), Eq. (3.10) can be integrated exactly and the solution reads
Eq. (3.11) thus identifies a class of exact solutions of the Einstein-Maxwell field equations representing a plane electromagnetic wave. On the other hand, if one treats h as the known function (or, equivalently, if one fixes the background electromagnetic field), Eq. (3.10) is a second order differential equation for H, which cannot be solved in general, but only for special choices of h. The frame components of F are 12) where the symbol * (u) denotes the spatial dual of a spatial tensor with respect to u, i.e. taken with η(u) αβγ = u µ η µαβγ . The electric and magnetic fields as measured by the fiducial observers n are perpendicular to each other, have the same magnitude and nonzero components only on the wave front
The two electromagnetic invariants both vanish, as expected for a wave-like behavior of the electromagnetic field, i.e.,
The nonzero frame components of the Riemann tensor are 15) so that its electric and magnetic parts are given by
The electric and magnetic parts of the Weyl tensor are instead both vanishing, implying that the spacetime metric is conformally flat, and hence the associated gravitational field is algebraically special and of Petrov type O. The Bel-Robinson tensor is then identically vanishing. The super-momentum tensor four vector P (g) B (u) built with the Bel tensor is a null vector and it is given by 17) whereas that built with the Chevreton tensor is
B (n) is also a null vector. Two different choices of h which are of particular interest will be discussed below, corresponding to electromagnetic waves with either constant or oscillating profiles.
Electromagnetic waves with constant profile
The choice h(u) = sin(bu), with b constant corresponds to the case of electromagnetic waves with constant profile [41] and implies a constant flux Φ = √ 2b of the associated radiation field and constant electric and magnetic fields as measured by the observers n, i.e., 19) and H(u) = cos(bu). Here b (with dimensions of the inverse of a length) characterizes the strength of the electromagnetic wave and it is related to the frequency of the wave by b = √ 2ω. The frame components of the electric and magnetic parts of the Riemann tensor are constant as well, namely
The super-momentum tensor four vector is given by 21) whereas the Chevreton tensor is identically vanishing.
Electromagnetic waves with oscillating electric and magnetic fields
Let us choose the function h such that the electric and magnetic fields are both characterized by an oscillatory behavior, i.e.,
with A and b constants, by requiring
Substituting then into Eq. (3.10) gives
which represents a Mathieu's differential equation. A short review of main definitions and basic features of Mathieu functions is given in Appendix B of Ref. [43] , to which we also refer for notation and conventions. Solving Eq. (3.24) with initial conditions H(0) = 1 and H ′ (0) = 0 yields
The electric and magnetic parts of the Riemann tensor are also oscillating
The Bel and Chevreton super-momentum four vectors turn out to be 27) and
respectively.
Single gravitational plane waves
Let us now consider the case of an exact gravitational plane wave. Vacuum Einstein's field equations imply
The Bel and Bel-Robinson tensors coincide in this case. The super-momentum four vector is given by
A simple solution of Eq. (3.29) is
where ω (gw) = b (gw) / √ 2 is the frequency of the gravitational wave, so that the supermomentum tensor four vector reads 32) which is a null vector as in the case of an electromagnetic wave.
Colliding waves
Exact solutions of the Einstein equations representing colliding electromagnetic and gravitational plane waves have been discussed extensively in the literature [1] . We will consider the simplest case of collinear polarization of the plane waves, so that the line element associated with the collision region has the general form [41, 42] 
where all metric functions depend on u and v, or equivalently t and z, using Eq. (3.2). An orthonormal frame adapted to a family of observers at rest with respect to the coordinates (x, y, z) is given by
The spacetime associated with the whole collision process is graphically represented in Fig. 1 . It is a matching of different spacetime regions: a flat spacetime region (of Petrov type-O, before the passage of the waves), two single wave spacetimes (Petrov type-N, corresponding to the two oppositely directed incoming waves) and a collision region (generally of Petrov type-I). All the geometry can be illustrated in the u-v plane (orthogonal to the plane wave fronts aligned with the x-y planes), where one has the region IV (collision region) when the coordinates u and v vary in the range u > 0, v > 0, the regions II (where u > 0 but v < 0) and III (where u < 0 but v > 0) corresponding to the two single wave regions and the flat space region I (where u ≤ 0 and v ≤ 0), before the passage of the waves. Following Khan-Penrose [44] , one can then extend the metric (4.1) from the collision region IV to whole spacetime by formally replacing
where θ(x) is the Heaviside step function. In this way the extended metric is continuous in general, but has discontinuous first derivatives along the null boundaries u = 0 and v = 0, so that the Riemann tensor acquires distributional-singular parts.
Colliding electromagnetic plane waves
As a model of colliding electromagnetic plane waves we consider the Bell-Szekeres solution [41] ds
representing the interaction of two step-profile electromagnetic waves whose polarization vectors are aligned (see Section 3.1.1). Note that we have set to unity the strength parameter of both the incoming waves, for simplicity. The nonvanishing coordinate components of the Riemann tensor are
The orthonormal frame (4.2) adapted to the static observers n = e 0 reads
The electric part of the Riemann tensor with respect to this frame is given by
whereas the magnetic part is identically vanishing H(n) = 0, implying that the spatial part of the gravitational super-momentum four vector vanishes too (see Eq. (2.6)). The latter then turns out to be
i.e., timelike, and E (g) IV (n) = 4. In region II, the single u-wave is described by the line element [extension of the metric (4.4) by using the relations (4.3)]
where u + = uθ(u). The nonvanishing coordinate components of the Riemann tensor are
The gravitational super-momentum four vector is then given by
i.e., P
II (n) is a null vector and E (g) II (n) = 1. Similarly, in the v-region we get
with E (g)
One can then form a "distributional" representation of the super-momentum vector in the whole spacetime as follows
14)
It is known that impulsive gravitational waves are created following the collision [1] , implying a redistribution of the energy of the incoming electromagnetic shock waves. In fact, by replacing u → u + and v → v + in Eq. (4.4) the Riemann tensor acquires terms proportional to the Dirac-delta function
i.e., formally The total super-momentum four vector (4.14) thus becomes
where the regular part and the singular part are given by 19) and
respectively. The Faraday tensor is given by
Taking the covariant derivative generates δ function terms, so that the Chevreton tensor will contain terms proportional to the square of δ, thus becoming even more singular than the Bel tensor at the boundaries of the interaction region, whereas it is identically vanishing in the single wave regions. The Chevreton super-momentum four vector then turns out to be completely singular, involving squares of Dirac-delta functions
Colliding gravitational plane waves
The spacetime geometry associated with two colliding gravitational plane waves is characterized by the presence of either a spacetime singularity or a Killing-Cauchy horizon as a result of the nonlinear wave interaction [44, 45, 46] . We consider below a type-D solution belonging to the Ferrari-Ibanez class of solutions [47] , with line element
This metric develops a singularity at u + v = π/2, where the Kretschmann curvature invariant
diverges. The nonvanishing components of the Riemann tensor in the interaction region are the following
The electric part of the Riemann tensor with respect to this frame is given by 28) whereas the magnetic part is identically vanishing H(n) = 0, implying that the spatial part of the Bel super-momentum four vector vanishes too (see Eq. (2.6)). The latter then turns out to be 29) and is timelike.
As stated above, replacing in region IV u → u + and v → v + allows the extension of the metric to the whole spacetime
The structure of the Riemann tensor components in the collision region is analogous to the one given by Eq. (4.16), with rather more involved expressions which is not necessary to show explicitly. In the single u-wave region the nonvanishing components of the Riemann tensor are 31) implying that the initial approaching wave is a combination of impulsive and shock waves. The Bel super-momentum four vector is thus singular at the boundary 32) and is a null vector. Similar considerations hold for the single v-wave region, where
Performing the extension to the whole spacetime, the total super-momentum four vector reads 34) where the regular part is given by 35) and the singular part P 
The role of the observer in the collision region
Up to now we have only mentioned the dependence of the super energy-momentum four vectors on the choice of the observer and used instead natural observers, i.e., at rest with respect to a set of Cartesian-like coordinate system which can be associated with all the various spacetime regions involved. This choice is indeed a natural choice, which facilitates interpretation and help the intuition: an observer at rest with respect to the (spatial) coordinates in the u-wave region sees a wave propagating along the positive z direction, while in the v-wave sees a wave propagating in the opposite direction; in the collision region this observer is actually the one lying in "the center of momenta" of the system of two waves, in the sense that he sees "symmetrically" the two waves approaching each other . This privileged observer can be actually embedded in a family of observers which are in motion along the z-axis with four velocity
Taking E 0 = U , an adapted spatial triad to U is given by
The electric and magnetic parts of the Riemann tensor with respect to this frame are given by 40) so that the spatial part of the Bel super-momentum four vector is different from zero in general, unless ν = 0. In fact, the latter turns out to be
so that the ν-dependent gravitational super-energy content is given by 42) and it is minimum when ν = 0. In fact, when ν = 0 the observer U reduces to n and sees symmetrically the collision process, the spatial part of the super-momentum This is true only if the two incoming waves have been taken as symmetric, in the sense that they have the same geometrical profile, as it has been the case in the present study.
being zero due to the vanishing of the magnetic part of the Riemann tensor. In this respect, the family of static observers in the collision region play a role similar to the Carter's family of observers in black hole spacetimes, who measure aligned electric and magnetic parts of the Riemann tensor, so that their cross product is identically vanishing (see Eq. (2.6)) [23] . In this sense we should have denoted e 0 = n = u (car) , and characterized e 0 so far from the physical point of view of being associated with "minimal super-energy observers," instead of their geometric, coordinate adapted characterization of observers at rest with respect to the spatial coordinates.
Let us turn to the general case ν = 0. The spatial super-momentum is nonzero and given by
i.e., according to the observer U , a nonzero contribution to the super-momentum is carried by the waves in the E 1 (boosted z) direction, which disappears when ν = 0 and spans all real values (from −∞ to +∞) as soon as ν varies from −1 < ν < 1. In order to qualitatively describe the features of the nonlinear interaction of the radiative fields associated with the waves it is interesting to study the behavior of the velocity field (2.13), i.e., the relative velocity of the unit timelike vector U (g) aligned with the super-momentum with respect to the reference observer U [48] . Note that this quantity is positive definite, being the ratio of the magnitude of the spatial super-momentum vector and the super-energy density. However, since the spatial super-momentum has only one nonvanishing frame component along the direction of propagation of the incoming waves, one can allow the relative velocity to take both signs. In the collision region we get
Extending this definition to the single-wave regions, we have that before the collision the velocity field is V II (U (g) , n) = 1 and V III (U (g) , n) = −1 (see Eqs. (4.32)-(4.33)), according to the fact that in those regions the gravitational field is purely radiative and the waves are moving at the speed of light. Furthermore, there is no need to have an observer moving along z in a single wave regions, because there is not any "symmetric" situation to look at. In the interaction region, instead, V IV (U (g) , U ) can attain any value between −1 and 1. For instance, in the case of an observer moving with constant speed ν, the velocity field (4.44) is also constant for fixed ν during the whole collision process. Its behavior as a function of ν is shown in Fig. 2 . A more interesting (and realistic) case is that of a geodesic observer, whose four velocity is given by Eq. (4.38) with
where ν 0 = ν (geo) (0), and ν (geo) → ±1 as the singularity u + v = π/2 is approached.
Its behavior as a function of t = (u + v)/ √ 2 is shown in Fig. 3 for ν 0 = 0.1, as an example. Fig. 3 also shows the corresponding behavior of the relative velocity (4.44), which goes to ±1 as well at the end of the collision process. Note that this is not a general feature of colliding gravitational wave spacetimes. In fact, for background metrics not developing a singularity as a result of the nonlinear interaction of the waves the square of this relative velocity remains less that one, so that the gravitational field is no longer purely radiative [49] .
A similar discussion can be clearly done also in the case of collision of electromagnetic waves. The observer (4.38) moving along the z-axis with constant speed is also geodesic in this case. The electric and magnetic parts of the Riemann tensor are given by 46) so that the Bel super-momentum four vector turns out to be
The relative velocity (2.13) is given by
(4.48)
Its behavior as a function of ν is quite similar to that shown in Fig. 2 .
Conclusions
We have studied the energy content of (exact) electromagnetic and gravitational plane wave spacetimes in terms of super-energy tensors, namely the Bel and BelRobinson tensors (defined in both cases) and the Chevreton tensor (defined only in the electromagnetic case) with respect to natural observers. The super-energy density and the spatial super-momentum density defined through these tensors have been combined into a single super-momentum four vector, which is an observer-dependent covariant quantity. We have considered different situations corresponding to both single and colliding electromagnetic and gravitational waves. In the case of single waves traveling along a preferred axis a natural observer family is that of observers at rest with respect to the spatial coordinates. The spacetime associated with electromagnetic plane waves with a single polarization state is conformally flat, implying that the Weyl tensor and then the Bel-Robinson tensor are identically vanishing. The gravitational superenergy built with the Bel tensor turns out to be proportional to the fourth power of the radiation flux, whereas the electromagnetic one built with the Chevreton tensor is proportional to its derivative squared, implying that the Chevreton super-energy density vanishes for constant flux. Gravitational plane wave spacetimes have, instead, vanishing Chevreton tensor, while the Bel and Bel-Robinson tensors coincide. The associated super-momentum four vectors are null in both cases.
Passing from a single wave region to the collision one the super-momentum four vector changes its causality property, becoming a timelike vector aligned with the observer's four velocity due to the nonlinear interaction of the incoming waves. [A possible, qualitative interpretation of this situation is that -because of the high-energy scattering of the two waves-in the process enough energy is available to create a massive particle, or a black hole, as a product of the collision.] Furthermore, as a result of the extension of the metric from the collision region to the whole spacetime matching the single-wave and flat regions, the super-momentum four vectors acquire singular parts at the boundaries, where impulsive gravitational waves are created. We have found that the regular part of the Bel super-energy in the collision region is simply the square of the sum of the super-energies of the two single waves in the electromagnetic case, whereas for gravitational waves it is nontrivially related to the super-energies of the two single waves. The Chevreton super-momentum four vector is instead highly singular.
Finally, we have investigated the role of the observer by considering a family of observers moving along the direction of propagation of the incoming waves in the collision region. We have shown that the static observers are special within this family because they measure a minimal super-energy density. The spatial part of the gravitational super-momentum four vector has only a nonvanishing component along the direction of propagation of the waves, whose magnitude diverges as the singularity is approached at the end of the collision process. The super-energy density is also diverging in this limit. Therefore, it proves useful to study the behavior of their ratio, being the relative velocity of the unit timelike vector aligned with the super-momentum with respect to the reference observer. For instance, in the case of geodesic observers this velocity goes to unity for colliding gravitational waves, being a signature of the existence of a spacetime singularity rather than a Killing-Cauchy horizon.
Appendix A. Relation between the Bel and Bel-Robinson super-energy and super-momentum densities
The orthogonal decomposition of the Bel and Bel-Robinson tensors with respect to the observer congruence with unit tangent vector u has been given in Ref. [26] . We will write here explicitly the observer-dependent expressions of the Bel and Bel-Robinson super-energy and super-momentum densities as well as the relation between them.
Let {e α } be an adapted frame to u (not necessarily orthonormal), so that u = e 0 and {e a } (a = 1, 2, 3) is a spatial triad in the local rest space of u [39] . Tensors and tensor fields with no components along u are called spatial with respect to u.
The Riemann tensor is decomposed in terms of the following three independent spatial tensor fields
which are referred to as its electric, magnetic and mixed parts, respectively, with η(u) abc = η 0abc . In four-dimensional matrix notation we can equivalently write assuming frame components. In the following we will omit the explicit dependence on the observer u to ease notation, i.e., E(u) = E, etc.. Let us consider first the Bel tensor (2.1) with associated super-energy and supermomentum densities (2.6). The full orthogonal splitting of the Bel tensor can be found in Ref. [26] (see Eqs. (6.1)-(6.4) there). Working with three-dimensional matrices and (spatial) frame indices, one finds for the super-energy [8, 9, 10, 11] Consider then the Bel-Robinson tensor (2.2). The Weyl tensor can be split into its electric and magnetic parts (2.9), due to its self-duality property (i.e., * C * = −C), namely E(u) ab = C 0a0b , H(u) ab = C * 0a0b .
(A.8)
The latter are related to the electric, magnetic and mixed parts of the Riemann tensor by 9) where TF denotes the trace-free part of a tensor, and 
